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In this paper, we consider a quadrature rule for Cauchy integrals of the form
I0wfs s)=§1 w(1) f(1)/(t—s) dt, —1 <s <1, for a smooth density function f(¢) and
Jacobi’s weights w(¢) = (1 —1)* (1 4+ t)%, a, f> —1/2. Using the change of variables
t=cos y, s=cos x and subtracting out the singularity, we propose a trigonometric
quadrature rule. We obtain the error bounds independent of the set of values of
poles and construct an automatic quadrature of nonadaptive type.  © 2001 Academic
Press
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1. INTRODUCTION

In the recent literature, the numerical evaluation for the Cauchy prin-
cipal value (CPV) integral has received considerable attention because of
its importance in many problems of mathematical physics which can be
formulated as Cauchy singular integral equations. There are two basic
approaches for numerically approximating CPV integrals. The majority of
numerical methods are based on orthogonal polynomial approximations
[2,4,15,19], while the other methods make use of piecewise polynomial
approximations [3, 6,9, 12, 13]. It is well known that the former method
converges very fast for differentiable density functions (see [6]). To take
full advantage of the orthogonal polynomial approximation, the colloca-
tion points should be fixed at the zeros of the orthogonal polynomials. This
fact reduces the flexibility of the orthogonal polynomial approximations,
especially when the problem contains a system of integral equations defined
over several different intervals (see [3]). On the other hand, the piecewise
polynomial approximation does not have this restriction on the location of
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the collocation points. However, their implementation suffers from a lack
of efficient numerical algorithms for the computation of the quadrature
weights (see [6, 12]).

Hasegawa and Torii [7, 8] have developed automatic quadrature for-
mulae for CPV integrals and hypersingular integrals with the Legendre
weight function. They obtained the error estimate independent of the set of
values of poles. The rules of [7, 8], however, need the extra evaluation of
the density function and its derivatives for the set of values of poles.

We recently proposed an automatic quadrature based on trigonometric
interpolation (see [ 11]) for CPV integrals with the Legendre weight func-
tion. In [ 10], we also extend the approaches of [ 11] to CPV integrals with
the ultraspherical weight function w(¢)=(1—1¢2)""2*4 i> —1/2, which
yields an error estimate independent of the set of values of poles.

In this paper, we develop a trigonometric quadrature for CPV integrals
with a general Jacobi’s weight function w(¢) = (1 —¢)* (1 + 1), a, f> —1/2.
The proposed rule yields a stable algorithm for evaluating the quadrature
weights and the error bounds independent of the set of values of poles,
which enables us to construct an automatic quadrature of a nonadaptive
type.

The rest of the paper is organized as follows. In Section 2, we refor-
mulate CPV integrals as standard ones using the cosine transformation.
Section 3 describes trigonometric interpolation and gives the trigonometric
quadrature for the CPV integral with Jacobi’s weight. In Section 4, we
estimate the asymptotic behavior of the quadrature weights. The error
estimate is discussed in Section 5.

2. STATEMENT OF THE PROBLEM

In this paper we consider the numerical evaluation of CPV integrals of
the form

_ t—s

= lim {f +LH} w(t) —dz sl<1, (2.1)

where f(¢) is assumed to be smooth on [ —1, 1] and w(¢) is a weight func-
tion given by

1
I(wf; s)z’fr 1 w(t)—=dt

wt)=(1—=0)*(14+1)~, (2.2)

where o, f> —1/2.
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To begin we make use of the change of variables t =cos y and s =cos x
in (2.1) and then obtain

f(cos y) sin yd

I(w(cos -) f(eos - ): cos x) = wlcos y)_ ¥ —cos x

=2 +h+1 r sin®2 cos? y hy) =) dy
0 2 cos y—cos x
+ h('x) QO(X) s X € (0’ 71'), (23)

where /()= f(cos y), a=2a+1, f=2f+1, and
. ozy Ey
sin® = cos” =

™ 2 2
golx) =277 ][0 COS ¥y —COS X

We rewrite Eq. (2.3) as
I(w(cos - ) h;cos x) =2 P+10(h; x) + h(x) go(x) , (2.4)
where h(y)= f(cos y) and

Y osF Y ) —h(x) d.

b x) = Tal
oh; x) fo ) 2 cos y —cos X

For a, f> — 1, qo(x) satisfies

go(x) =7 cot(ra) w(cos x)

cnT@ AR (1 1ocosx
-2 ﬂf(l—i-oc—i-ﬁ) F<1, a—pf;1—o 7 >, (2.5)

where F( -, -; -, - ) is the hypergeometric function and 7/(z) the gamma
function (see, e.g., [18]). The problem of evaluating the CPV integral
I(wf; s) of (2.1) is now reduced to evaluating the integrals Q(%; x) of (2.4).

3. TRIGONOMETRIC INTERPOLATION METHODS

Following the procedure of [10, 11], we approximate /i(y) of (2.4) by
the sum of cos ky,

N
()= Y afcosky, O<y<m, (3.1)
k=0
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where af are determined to satisfy the interpolation conditions
h(mj/N) = pn(mj/N),  0<j<N (32)

and given as follows [1, 10, 117]:
2 N
ay = N Z (nj/N) cos(njk/N) , 0<k<N. (3.3)

Here the coefficients af can be computed by using the fast cosine trans-
form (FCT) [5]. The double prime of (3.1) denotes the summation whose
first and last terms are halved. We now approximate /() and A(x) of (2.4)
by py(y) and pp(x) of (3.1), respectively, and then obtain the tri-
gonometric quadrature rule for Q(/; x)

Onlh; x)=Q0(py; x)

N”
= > ay Ji(x), (3.4)

where

Sﬁycosky—cos kx

Jk(x)=rsin‘igco dy,  k=0,1,... (35)
0

2 cos y—cosXx
Then, we clearly see that
Jo(x)=0.

By the definition of the beta function (see, e.g., [ 16]), we also see that

/2
Ji(x) =2f sin?@+ D=1y cos2B+D =1y, gy
0

I+ 1) I(f+1)
I+ p+2)

From the following recurrence relation

cos(k+2)y—cos(k+2)x N cos ky — cos kx
COS y —COS X COS y —COS X

cos(k+1)y—cos(k+1)x
COS ¥ —COS X

=2cos X +2cos(k+1)y,
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we then get the three-term recurrence relation for J(x)
Jo(x)=0

Mo+ 1) I(B+1)
Ji(x) = 240+ f) (3.6)

Jir2(x) =208 xJp (X)) + i X) =dj 415 k=0,
where the sequence d, is given by
(" sin®? cosfY
dk—ZJO sin 2cos 2coskya’y
k=1,2, ... (3.7)

n/2 _ _
=4 J sin® y cos? y cos 2ky dy ,
0

To compute the sequence d,, we note that the following identity

cos 2ky =3 {(cos y +isin y)* + (cos y —isin y)*}

K /2k A ) A
=)y <2j>(—1)k_fcoszfy sin?* =%y, (3.8)
Substituting (3.8) into (3.7) yields
K /2k .
d=4 3 (3 ) (-1r e (39)
j=0 N4
where the terms C,, , are defined by
/2 ) _
c, an sin?"**ycos**tfydy,  m n=0, (3.10)
0
which gives
Chpn=3Bm+o+1,n+p+1)
TIm+a+1)I(n+f+1) (311)
2I(m+n+oa+p+2) ° '
where B( -, - ) is the Euler beta function. Hence the sequence d,, is given by
(3.12)

k 12k )
dp=2)Y <2j>(—l)k_fB(k—j+a+1,j+ﬁ+1).
j=0
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Using the quadrature scheme Q,(h; x) of (3.4), we now get a new
integration formula

In(w(cos - ) h;cos x)=2%TE+1 O (h; x) + h(x) qo(x)

—pa+p+1 ]ZV:” aiv J(x) + f(cos x) go(x), (3.13)

k=0

where A(y)= f(cos y) and the coefficients af and J,(x) are given in (3.3)
and (3.6), respectively, and gq(x) is given by (2.5).

In the rest of this section, we will describe an automatic quadrature algo-
rithm of nonadaptive type which is constructed from the sequence of the
truncated cosine series. Here and henceforth we assume that N is of the
form 2", n=2, 3, .... Following the procedure of [10, 11, 17], we first out-
line the algorithm for computing the sequence of the truncated cosine series

{PN, Psnjas P3N/2}-
For 0 =2, 4, set

87 <j-|—3>/N if o=4
Ao _ 16

;o 3
47z<j+8>/N it o=2.

Then we see that {v}"}, 0<j<Nj/o, is a set consisting of the N/o zeros
of cos((N/a) y) —cos(3n/(20)). We now represent the polynomials py . ns»
o =2, 4, interpolating As(y) at the nodes v}v/”, 0<j<N/a, 0=2,4, as well
as at the nodes nj/N, 0 < j< N, in the Newton form:

PN+N/a(y) —pn(y)

N/o
= 2, b (cos((N—k)y) —cos((N+k) y)), (3.14)

k=1

where coefficients {h2/°} are determined to satisfy the condition
N/o No . N
h(v;"?) = Py we(0777), 0<]<;, c=2,4. (3.15)

It must be noted that the interpolating conditions (3.15) are the same as
those of the scheme of Hasegawa and Torii [ 7], and hence we can use the
FFT [17] for evaluating the coefficients b3/° (see [7, 17] for details).
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Set a ¥, 6=2,4, by

ay, 0<k<N-—N/o,

ay +b¥°,, N—N/og<k<N,
N+ Njo _ N 316
ak al’ kzN, ( )

2
— b, N<k<N+ Njo.
Then py  n/(y) of (3.14) can be written as
N+J\;/0'
Prane(¥)= 3 a7 cos ky, (3.17)
k=0

where the prime denotes the summation whose first term is halved.

The corresponding quadrature rules Iy, y/,(w(cos - ) h; cos x), =2, 4,
based on the polynomial py, n/(») of (3.17) are given as follows,

N+1\{/a
Iy no(w(cos <) hycosx)= Y ap ™™ Ji(x)+ f(cos x) qo(x), (3.18)
k=0

where h(y)= f(cos y) and J,(x) and g,(x) are given by (3.6) and (2.5),
respectively.

4. ASYMPTOTIC BEHAVIOUR OF THE QUADRATURE WEIGHTS

In this section, we consider the asymptotic behaviour of the sequence d,
of (3.7) and a related sequence with J,(x).

LemMma 4.1. Let d, be defined by (3.7). Let =20+ 1, f=2B+1, and
—1<a, < 1. Then we have the bounds

1
41=0(;) (1)

for sufficiently large k.

Proof.  Replacing y by y + 77 in the integral (3.7) and taking the mean
value of the new and old integrals, we see that

/2 B _
d,=4 fo sin® y cos? y cos 2ky dy

/2 — 7/(2k) _ _
4[ sin® <y+27;€> cosﬁ<y+27;> cos 2ky dy

—n/(2k)

:Z(Al +A2+A3),
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where

n/2 - _
A= J sin® y cos? y cos 2ky dy,

n/2—h

0 _
A, = —J , sin®(y +h) cos?(y+h)cos 2ky dy,

n/2—h B 7 ) 7
Ay = JO [sin®y cos? y —sin*(y +h) cos?(y + h)] cos 2ky dy,

The estimations of the integrals 4; and 4, can be achieved as follows.

/2 B _
|4,] < o sin* y cos? y dy
/2

o
:f cos”? y sin y sin®*y dy
72 —h

. sinh _
<  max  sin®y J P dt
yvelrn/2—h, /2] 0

2
_MaXy /2 —h, z/2] SN Yy
p+1

1
=0 <k2(/3+1)> >

where we used the change of variables t=cos y in the second equality
above. Similarly, by using the change of variables ¢=sin y, we get
Ay = O(1/kK**+D),

By the triangle inequality and the fundamental theorem of calculus, we
bound the integral 45 as follows.

sinf+1p

n/2—h

|4, ] <j0 |sin® y cos? y —sin*(y + h) cos?(y + h)| dy

<o A3+ 1Bl 45,
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t ks
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b
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h 5—h

FIG. 1. The partition of the region of the integral 4} with s =Z.

where

n/2—h py+h _ .
Aéz{ J cos? ysin®~! ¢t cos t dt dy
0 y

n2—h cy+h _ .
A§=f J sin(y+h)cos’ 'tsintdtdy.

0 y

To estimate the integrals 4} and 43, we split the region of these integrals
as in Fig. 1 and apply Fubini’s theorem. We then get

Ay=D,+ D>+ Ds+ D,+ Ds,

where

h et _ _
Dlzf j cos? ysin®~ !t cos tdy dt
0 Y0

2h

DZ=L

1

t P _
J cos? ysin®*~1tcostdydt
t—nh

n2—nh t _ B
D, =J J cos? ysin® 1t cos tdydt
72 —2h Yt—h

n2—h y+h _ L
D, =f J cos? y sin®~! ¢ cos t dt dy

n2—2h Y72 —h

2—2h 1 - .
D =J J cos” y sin®~ !t cos t dy dt.
2h t—h
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We now estimate each integral D; as follows.

_ h ot _
D, < max cosfy J j dy sin®~! tcos t dt
ye[0,h] 0 Yo

e )
< max cos?y f tsin®ltdt
yel0,h] 0

o
< C, max cosﬂyf * dt
ye[0.4] 0

_ Cymax, o7 COS™y et
a+1

1
ZOW’

where C;=1if a>1 and Cy=(2)*"!if & <1 and we used the inequality
2t <sin ¢ <t in the third inequality above. To estimate the integral D,, we
set the inner integral of D, as

Fl1) =f

1-

cos? y dy.
h

Then we see that F(r)= O(1/k), because cos” y<1 and f>0. Thus the
bounds for D, are as follows.

2h
Dzzf F(t) sin®*~ ' t cos t dt
B
2
>j sin®~ ! ¢ cos ¢ dt
h

(sin®2h —sin* h)

(sin® 24 + sin* 1)
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where we used the inequality 2 7<sin /<7 in the last inequality above. If
p<0,
n/2—h

t _ _
max f cos? ydy < cos? y dy
teln/2—2hn/2—h] Jrh /2 —2h

/2
q (1-sin p)# (1 +sin p)? cos y dy
7/2 —2h

< MAXy e [n/2 — 25, m/2] (1 +sin y)#
N p+1

x (1 —cos 2h)f+!

1
=0 <k2(/3+1)>'

For the case >0, the above procedure gives

t _ 7/2-2h _
max j cos?ydy < cos? y dy
te[n/2-2h, n/2-h] Y ¢-h 7/2-3h

1
=0 <k2(ﬂ+1)>'

22—k a1 -~ o
D3=f f cos? y dy sin®~ ! tcos t dt
L

Thus, we have that

72 —2h Yt-h
L t _ n/2—h
< max sin®~1¢ max f cos? y dy f cos ¢ dt
te[n)2—2h, /2] te[n)2—h, 7/2-2k1 don 7/2—2h

1
=0 <k2(/3+1)>'

By the mean value theorem, we can estimate the integral D, as follows.

n/2—h _ y+h L
D,= cosﬁyf sin®~ !t cos t dt dy

/2 —2h 7/2-h
. n/2—h _ /2 Lo
<sinh cos?y dy sin®*~1¢ dt
7/2—2h /2 —h
< 1 /2 -
=sinh O >J sin®~ ' tdt
k2ﬂ+1 22— h

1
=0 <k2(p+1)>'
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To estimate the integral D5, we also set the inner integral of D5 as

t _
Fit)= f . cos? y dy.

Then we see that F(¢) <h, because />0 and cos” y < 1. Thus we have

7/2-2h )
Ds<h sin®! ¢ cos t dt
2h
h _
<&_ (cos* 2h —sin® 2}),
— 0(h).

Collecting the bounds of each integral D;, we then have

ati=0(;
31 k >

since min(2(a+1),2(f+ 1), 1) =1. By a similar procedure, we can get the
bounds for 43 as follows:
1
A3|=0(~+).
431-0(7)

Finally, we summarize the above estimations and get the desired bounds
4.1). 1
Now, by using the identity [7, (A.3)],

cos(k+1)y—cos(k+1)x Z":smk J+1)x
COS y —COS X ke

we can write J;(x) defined in (3.5) as

K, sin(k—j+1)x
Sina)= 2% #dﬁ k>0, (42)

where d; are defined in (3.7).

Lemma 4.2. Let Ji(x) and d, be given in (4.2) and (3.12), respectively.
Then we have

Tt () =Ty 1 () = —4 3" d, cos(m—j) x, (43)

j=0
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where dy=J,(x). Further we have the following estimation
| —1(X) =T 1 ()] = O(1 +log(m 4 1)). (4.4)

Proof. The representation (4.3) follows directly from the expression
(4.2) by defining d,=J,(x). The relation (4.3) and the bounds (4.1) give

1o —1(X) = g1 ( |<4Z |d]

(i)
<c<1 +f0m 1dx>

=O(1 +log(m +1)).

Thus we proved the estimation (4.4). ||

5. ERROR ESTIMATES

In this section, we shall derive error bounds for the proposed quadrature
rule of (3.13). Let ¢, denote the ellipse in the complex z = x + iy with foci
(x, ¥)=(—1,0),(1,0), and semimajor axis a =14 (x +x ') and semiminor
axis b=1(k —x ') for a constant x> 1.

Assume that f(z) is single-valued and analytic inside and on ¢,.. Then, by
(3.2) of [7], we have

Hx) = pa(x) = £(005 X) = iy ()
_L§ Omaleos) /)

Qi e, (2—COSX) wn,4(2)

dz

o0

=2 Y V¥(f)sin ysin Ny cos ky, (5.1

k=0

where @y, (1) = Ty 1(1) = Ty_ (1) =2( = 1) Uy_, (1), N> 1 and

VN (f)= 5{3 /) dz,  k=0. (52)

6 Wx (2 \/Z l(z+\/22—l)k

Here, T, (t) and U,(t) denote the Chebyshev polynomials of the first and
second kind, respectively.
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Using (5.1), we now define the error for the approximate integral
Iy (w(cos -) h; cos x) as

E\(h; x)=1I(w(cos - ) h; cos x) — Iy (w(cos -) h; cos x)

= 2% A2 N YN () QN (x), (5.3)

k=0

where ()= f(cos y) and

LA =~y sin y sin Ny cos ky — sin x sin Nx cos kx
QkN(x)=£) s1n“§cos”l/ J J J

dy. (54
2 COS ¥ —COS X y. (34)

Then we have the following lemma.

LemMA 5.1. (1) Let QY (x) be defined by (5.4). Then Q¥ (x) can be
rewritten as

QkN(X) = % (Invse—1(X) =Inyr1(x) £ (J|N7k|71(x) _J|N7k|+1(x))a (5.5)

where the plus sign is taken if N—k>=1 and the minus sign if N—k <1, and
Ji(x), k=0, are given by (3.6).

(2)  Further, Q¥ (x) are bounded by
Q¥ ()| < CG(N, k), k=0, (5.6)
where C = C(a, B) is a constant dependent of o, § and G(N, k) is defined by

G(N, k)=1+1log((N+k+1)(|[N—k| +1)). (5.7)

Proof. The first identity (5.5) is obtained by the definition of J,(x) of
(3.5) and the relation

4 sin y sin Ny cosky=cos(N+k—1)y—cos(N+k+1)y

+cos(N—k—1)y—cos(N—k+1)y.

The bound (5.6) follows from inequality (4.4) of Lemma 4.3 and identity
(5.5). 1
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From (5.3) and (5.6), we have the following lemma.

LEmmA 5.2. Let N=2"n=2,3, .., and assume that f(z) is single-valued
and analytic inside and on ¢,. Let h(y)= f(cos y). Then the error Ey(h; x)
of (5.3) is bounded independent of x by

|Ex(;x)|<C Y GN k) VY (S, (5.8)

k=0

where V¥ (f) and G(N, k) are given by (5.2) and (5.7), respectively, and the
constants C= C(o, f§) are dependent of o and p.

For the function A(y) = f(cos y), we define
En .y njo(h; x) :=1(w(cos -) h; cos x)

— Iy njs(W(cOs - ) h; cos x), (5.9)

where o =2, 4. Then, by the same arguments as in [7], and the previous
results, we get the following error bounds for Ey , ,(h; x).

LemmA 5.3. Let N=2" n=2,3, .., and assume that f(z) is single valued
and analytic inside and on ¢,. Further, let Y N+Ne (f), a=2,4, denote a
contour integral defined by

VY )= fELE » k20,

T Y,y (2){ Twjpl(z) —cos 2nf,} /22— 1 w*

(5.10)
where w=z+./z>— 1 and \w| > 1 if z¢ [ —1, 1]. Then, for h(y)= f(cos y),

we have

Ensno(hs X) < C Y VYo (f)] <|COS 21| G(N, k)

k=0

+<G<N+N,k>+G<N—N,k>>>, (5.11)
g g

where f,=3/16 and p,=3/8.

Finally, to estimate the bounds of V¥ (f) of (5.2) and V™™ (f) of
(5.10), we follow the procedure of [7,11]. Suppose that f(z) is a
meromorphic function which has M simple poles at the points z,,,
m=1,2,.., M, outside ¢, with residues Res f(z,,). Define

r= min |z,+./z2—1|>1. (5.12)

l<sm<M
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Then, from [ 11, (3.36) and (3.37)], (5.2) and (5.10), we see that x <r and
VO <r= Vg (NI =00=") (5.13)

and
VN () <k PN ()] = O kN Ne) (s.14)

Further, from [7, (3.17) and (3.20)], we can see that

Vo ()~ |ay (3.15)

r2—1
and

4r

-1

(5.16)

(VoM () ~ laxnTNe |

where a}y/2 and aj+ 37 are the coefficients of the last term in the truncated

cosine series (3.1) and (3.17), respectively. The constant r defined in (5.12)
can be estimated from the asymptotic behavior of {ay} [17].
Define a function H(n, r) by

r+1
r—1

(n+2)(r—1)—1

H(n,r)= 1)

log(n+1)e'?+2

(5.17)

Then we see that
H(n,r)=0(1 +log(n+1)).

By using (5.13)—(5.16) and Lemmas 5.2-5.3, we obtain the following error
estimations.

THEOREM 5.4. Let N=2", n=2,3,.., and suppose that f(z) is a
meromorphic function which has M simple poles at the points z,,,
m=1,2,..,M outside ¢, with residues Resf(z,,). Let r=min;_,,
|Zm++/22—1|>1 and h(y)= f(cos y). Then the errors Ey(h;x) and
Eninolh; x), 0=2,4, defined in (5.3) and (5.9), respectively, can be
bounded independent of x as follows;

|Ex(h; x)| < C—"— laX| H(N.7) (5.18)
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and

4r
r2—1

|En 4 wjo(h; X)| < C lay i Nl (H(N + Nfa, r)

+ H(N—N/o,r) +|cos 2rf,| H(N,r)),  (5.19)

where H(n,r) are given by (5.17) and the constants C are dependent of o
and .

Proof. Substituting the inequality (5.13) into (5.8) yields

oo, G rk
|Ex(h; x)| S CIVo()] Y, Ux‘ )
k=0

N, G(N,0 ©  k+1
<|Vo(f)|<2 (rk 2 ¥ ;)

k=0 k=N+1

(5.20)

where we used the facts that the function G(N, k) of (5.7) satisfies
G(N, k)< G(N, 0), 0<k<N
and
G(N,k)<2(k+1), k=N+1,N+2, ...

Since

(5.21)

and

 k+1 (N+2)(r—1)—1
y S (522)

k=N+1

we substitute (5.21) and (5.22) into (5.20) and then get
|En(h; x)[ < C Vo ()] HN, 1),

where H(n, r) are given by (5.17). Thus from the asymptotic behaviour of
Vo(f) given in (5.15), we get the desired inequality (5.18). By a procedure
similar to that above and using (5.14) and (5.16), we can get the required
inequality (5.19). |
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We remark that the error estimates (5.18) and (5.19) for the quadrature

rules Ey(h; x) and Ey, n/,(h; x), respectively, are independent of the values
of poles x. This fact enables us to use the same polynomials py(y) and
Pn+nje(y) common to the integrals I(w(cos -) &; cos x) for a set of values
of poles x.

10.

11.

14.

15.

16.
17.

18.
19.
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